Journal of Statistical Physics, Vol. 55, Nos. 1/2, 1989

A Mean Spherical Model with Coulomb Interactions.
II. Correlations at a Free Surface

E. R. Smith'
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Studies of the mean spherical model with Coulomb interactions are continued,
by considering a system on a d-dimensional lattice which is periodic in d—1
dimensions and has a free surface in the remaining dimension. It is shown
explicitly that correlations along the free surface decay as y =7 in d dimensions
and show that the surface properties of this model are those expected for a
charged system in its plasma phase.
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1. INTRODUCTION

While many new results have been obtained recently about the structure of
correlation functions in the plasma phase of charged systems, there are few
examples which can be worked out explicitly. The recent review of
Martin”) summarizes many of these global sum rules and provides a com-
prehensive list of references, including many papers on the two-dimen-
sional, one-component plasma. This model has provided exact results
which illustrate the general theory. Other examples which illustrate some of
the properties of Coulombic systems are one dimensional,®” and are
flawed as examples of the general theory of plasma states because the two-
component, one-dimensional Coulombic system has no plasma phase.®*”

In the first paper of this series® (hereafter referred to as 1), I intro-
duced a mean spherical model on a lattice with Coulombic interactions. I
considered a d-dimensional lattice

A= [—M, M]@(d—l)@ [1, N]
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with a real-valued charge g(n) at each lattice site n. The electric potential
@(n, n’; X) at a site n on the lattice due to a unit charge at n’ in boundary
conditions X is the solution of the d-dimensional Poisson equation

Di@(n’ nl; X): _wdén,n' (1)

on the lattice 4 with boundary conditions X applied. In Eq. (1), w, is the
surface area of a d-dimensional sphere of unit radius. The energy of a
configuration {g(n), ne A} is then

W({gm)) =2 3 T qn) S, 0’ X) @)

2nsA ned

The charge variables g(n) are real numbers and the partition function is
evaluated subject to the mean spherical constraint

2 q°(m) ) =]4] @ 3)
(L)

neAd

where Q is an elementary charge magnitude and [[A]| is the number of
lattice sites in A.
In 1, this model was solved exactly for two cases:

1. 2M+1=N and X a Neumann boundary condition on A.

2. Boundary conditions X periodic in each of the directions in which
A spans 2M + 1 sites, and a Dirichlet condition at either end of the
lattice in the other direction.

To summarize the results of I, one may consider bulk and surface (or
finite system) results.

1.2. Bulk Results

1. The bulk interior of the system is in a plasma phase at small
enough coupling I"= Q> For d> 3 there is a critical coupling I"=I",. For
I'> T, the system is in a nonplasma phase in which charges oscillate in
sign across the lattice. The critical behavior of the transition at I'=1", is
typical of a mean spherical model.

2. In the plasma bulk phase, charges are screened. There is a critical
coupling I'=1y(d)=2d/w,. For I'<Iy(d), the two-charge correlation
function decays monotonically with a correlation length which decreases as
I' increases. When I'= I'y(d) the two-charge correlation function has range
of exactly one lattice spacing. For I"'> I'y(d) the two-charge correlation
function oscillates in sign while decaying with an exponential envelope, the
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correlation length increasing with increasing /. The Stillinger—Lovett sum
rules for the thermodynamic limit of the correlation functions hold. There
is no thermodynamic singularity at I" = I'y(d).

Thus, the bulk of the system behaves as a Coulombic system may be
expected to behave.

1.2. Surface and Finite System Results

1. The mean square dipole moment of the finite system obeys the
expected altered forms in the different boundary conditions of the second
Stillinger—Lovett sum rule.

2. The mean square charge on a site close to a surface of the system
is not Q% In an applied field the value of {g(n)) relaxes to zero exponen-
tially fast as n moves into the bulk of the system and the decay length for
this relaxation is the correlation length of the bulk phase [but see the note
in this paper after Eq. (37b)].

3. Correlations along the Neumann or Dirichlet condition surfaces of
the system decay exponentially fast.

These resuits are to be expected, but the large values of (g(n)) and
{g*(n)> which may be obtained for n close to a surface force one to
consider whether the mean spherical constraint interferes significantly with
the Coulombic nature of the system.

This paper considers a mean spherical model with a free surface and
shows that correlation functions along the surface can decay as y ~¢, where
y is the projection onto the surface of the displacement between the two
correlating charges. This finally establishes the charged mean spherical
model as a proper Coulombic system, so that one may assume that much
of the qualitative information one can find about it generalizes to other
Coulombic systems.

In the next section I introduce the lattice with a free surface, solve for
& in the boundary conditions used, and calculate the partition function,
constraint equation, and correlation functions for the system in its plasma
phase. In Section 3 I analyze charge—charge correlations along the free
surface, and conclude with a discussion of these results in Section 4.

2. THE MODEL AND ITS EXACT SOLUTION

Consider a lattice 4,=[0, N]® [—M, M]®“~". Impose the boundary
condition on @(n,n’; DF) that at n=(n, v), with n=0, &((0,v),n’; DF)=0,
that is, a Dirichlet condition. We have a free space condition for n> N. The
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potential is periodic with period (2M + 1) in each of the components of v
and v'. The potential is then

2niK - (v—v'
o, 03 DF)=2* ¥ (2M+1)_(d‘1’exp—n12M(+l )
Kelyg

explik(n—n')] —explik(n+n')]
2(cosh w(K)—cos k)

« [ndk (4)

Here L, is the (d — 1)-dimensional lattice [ — M, M ], and w(K) is given by

2nK,
M +1

cosho(K)=1+ i <1—cos (5)

Note that w(K)—»0 as K—0 and that for small K, oK)=
27 [K|/(2M + 1) + O(K?). This potential is periodic with period 2M +1 in
cach of the components of v and v’ and solves Eq.(1). Further, it is
zero by inspection when n=0, and as n — oo this potential behaves as
w A /2M +1)?"'+ O0(n~"), which is appropriate for such a potential. The
partition function for the system is then, with I"= Q2

2r,4)={ 11 [ dgm|

nedg®

1
«ep{=38 T T qln) @nn:DP) gt

2 neAdy n'edy

5| 3 ew-0 i ]} (6)

ne Ay

where |A,l=(2M +1)?~!' N. The matrix @(n,n’; DF) is Hermitian. Its
eigenvalue equation can be written in the form

Y. @(n,n’; DF) Y(n';K, I)=u(K, 1) ¥(n; K, [) (7)

with

P K, )= M + 1)@ D2 exp[27iK - v/CM + )] W(m; K, )  (8)

The (n; K, I) are then the normalized eigenfunctions of
eik(n—n’) _ eik(n+n/)

w; Xom
2n 2 Ln dk 2(cosh o(K) —cos k)

n =0

Y K D= uK, Dy K, 1) (9)
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Some manipulation then gives

Y(n+1;K, l)—Z{cosh[cu(K)]— }w(n,x N+y(n—1;K, 1) (10)

2(K 1)

on 1<n<N—1 with ¢(0;K,)=0 and Eq. (9) with n=N as the eigen-
value equation. The solutions to (10) are of the form

wi(m K, )= A(K, ) sin[#0(K, /}] (11)

with
w(K, )= 3w, [cosh w(K)—cos 8(K, )] * (12)

and the 3(K, /) (1 </< N) are the N solutions on (0, 7) of

e”™®) —cos
Fp(8)=cot(N§) - ————— =0 13
¥(0) = cot(Nb) - ——— (13)
This gives precisely the correct number of eigenvalues. The normalization
constants A(K, /) are given by

N
Y Vi mK =1 (14)
I=1

This normalization is fairly messy, but I note here that if one works it out

it gives
—2sin[#8(K, /)] sin[n'0(K, /)]

V0K ; GK, I)= 1
FyLOK, D] (K, D y(n'; K, 1) S’ [ NO(K, )] (15)
a result that will be useful below.

A unitary transformation of the g(n) to
iD= Y T gm) PHmK, ) (16)

Kel; n=1

then allows the integrals in the partition function and the correlation
functions to be performed simply as Gaussian integrals. We obtain

1/2
__ AT A4l
AL A=t 1T ,Hl [ﬂ[uzu(x 1)]] (17
and
Gamgm)y 1 o X PmK D Pk ) )

Q2 ar K§Ld Zzl A+ %#(Ka 1)
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The mean spherical constraint then gives, by differentiating log Z with
respect to 4,

1 -1
2= Kng 121 A+ 3p(K, l) 4 (19)
The existence of the partition function requires A > —3u(K, /), VKe L,
and 1 <IN, so that we require 4> —w,/8d. The value I' (d) of I" which
gives the solution A= —w,/8d to Eq. (19) then gives the critical point of
the transition for d > 3. There is no such solution for d= 1, 2. Note that the
value 1=0 is allowed. This gives I'o(d)=2d/w,. At I'=1TIy(d) the bulk
correlations have a range of exactly one lattice spacing, {g(n) g(n’)) being
zero in the bulk interior of the system if n¥:n” and n and n’ are not nearest
neighbors on the lattice. The correlation functions in the bulk interior of
the system are the same as those found with other boundary conditions
inL
We may write the sum over / in (19) as a contour integral using the
nernel F(6)/Fy(0). The contour must exclude the poles of this kernel at
0 =0, = kn/N, where the residue of this kernel is — 1. The resulting contour
integrals and sums may then be written using the contour shift C, —» C,
described in I. There are two cases:

(i) A>0: we define y,(K) by

yo(K) = % + cosh o(K)

(ii) A<0: we define Y(K) by

cosh Yo(K}= — %1— cosh w(K)

We obtain, for 1> 0,

1
(d—-1)
=7 4/12(2M+1)

1 2~ 2yo(K) 1
8 KZL [Slnh yo(K) (1 * 9‘2Ny0(K)> —X’ g+(K)] (20)
ely

and for A <0,

1
(d—1)
2=+ 4/12 4 QM +1)"

1 2¢—2NYo(K) 1
* KZL sinh YO(K)<1 + e*ZNYo(K))‘*]_Vg—(K) (20b)
ely
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where
e %) cosh yo(K) + 1 + N sinh?[ yo(K)]/sinh?[ Nyo(K)]

sinh? yo(K){e~“®) + cosh y,(K) + sinh yo(K) coth[ Nyo(K)]}
(21)

g (K)=

where g_(K) is the same as g, (K) but with Y (K) replacing y,(K). As
N — oo and then M — oo, we find, for 1 >0,

1 1

2= 2p) - D d? 'K ————— 22
i 422( ) j[—n,n]d’l sinh yo(K) (222)
and for 1 <0,
ar=10 24 on-u- ”] 4K —  (22b)
A 447 [—mn]d-! sinh Y,(K)
where
coshyo(K)~—+1+ z (1 —-cos K,) (23a)
and
cosh YO(K)—4M|+1+ Z 1—cos K,) (23b)

We may take the limit 1 -0+ of (22a) or A —»0— of (22b) and in both
cases find I'y(d) = 2d/w, for =0, a result known from L

3. CHARGE-CHARGE CORRELATION FUNCTIONS

We consider here the charge—charge correlation function P(n, n';v)
given by

P(n,n';v)={q(n, 0) g(n', v} )/Q* (24)
which may be written using Eq. (12) in (18),

1
Pn,n';v)y=—

5 . @-1)
217 oo 81“,12(2M+1)

X z eZniv-K/(2M+1)G(”, n/; K) (25)

Kel,



134 Smith

where
il (K, D y(n'; K, 1)

I K =
Gin, n'; K) El @ 4/44 + cosh w(K) —cos (K, /)

(26)

In fact, we want

p(r,n';v)=lim lim P(N—n, N—n';v) (27)
N

-0 M—> ©

We want to study p for n, n’ large, to give the correlation functions in the
bulk interior of the system, and for », n’ finite, to give surface correlations.
First, we must evaluate G. We may use Eq. (15) to write

Gin, ' K) = ng sin(nf) sin(n’'0)
I ) = T i Te, Fo(8) sin?(NO) [ /44 + cosh o(K) — cos 0]
1 N
57_[;' k= —(N—1)
3€ _ sin(nf) sin{n'd) o (28)
cik) Fa(0) sin“(NO) [ w /44 + cosh w(K) —cos 0]

where C,(k) is a small anticlockwise contour of radius ¢ about 8, =k=n/N,
the radius ¢ being chosen small enough that no other singularity of the
integrand than that at 6, occurs within the contour. The contour C, is that
defined in 1. The sum over integrals round the C.(k) may be evaluated
fairly simply to give

1 N sin(n0) sin(n'8)
—_ do
J(K) 270 ,Z(;‘V, 1 ﬂgcg(k) F\(8) sin? NO[ w 4/44 + cosh w(K) — cos 6]
=HK,n—n)Y+HK,n—n)—HK,n+n)—HK, —n—n") (29)
where

N infy

1 e
HK, n)=—
(K, n) 4Nk=A%,71)a)d/4i+cosh o(K)—cos 6,

(30)

We may write this sum as a contour integral round C, using the kernal

Gy (0)=2iN/(e®™® —1) if 0<n<2N and Gy_(8)= —2iN/(e~ ¥ —1) if

—2N<n<0. We may then transform the contour C, to C,, also given in

I, and evaluate H(K, #) in terms of poles at cos f = w /41 + cosh w(K).
We obtain, for 1 >0,

1 e M Yo(K) | o= (2N — inl) yo(K)

H(K, n) =
(K, m) = 3 Sinb yo(K) 1 — e 2Mn(®)

(31a)
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and for 4 <0,
(—1)" e~ nl Yo(K) 4 o —(2N—Inl) ¥o(K)
H(K, n)= —
(K n) = — 2 dinh VoK) [ — e 2NV(K) (315)
The integral in Eq. (28) may be written as
Kn—n)+Kn —n)—Kn +n)—K(—n—=n')
where
K(n)= — - § e @ (32)
= 8mi Joy Foy(0) sin?(NO)[w /42 + cosh w(K) — cos 0]

This expression for K(n) may be written using the contour C, and
then evaluated. The results are, for 41 >0,

e~ @N=m oK) 4 o~ (N +n) yo(K)

K(n)= —

(I+4.,(N, yo(K), o(K)))  (33a)

o 7K) _ —a(K)
and for A <0,

o (2N-—n) YO(K)+ e~ (BN +n) Yo(K)

K(n)=(-1)" (1+A4_(N, Yo(K), ©(K)))

(33b)

e Y0K) | o —w(K)

Here
2 sinh(y) e "
(e —e )1 —e V)

A, (N, y, w)=<1+ )(1—e2NY)2—1 (34a)

and
2sinh Yye VY
(@ +e )Nl—e )

A_(N, Y, a))=(1+ >(1—e_2NY)2—1 (34b)

We are now able to construct G(N —n, N—n'; K) in the limit # - w©
to obtain p(n, n’;v). When we put all the terms together we obtain, for
A>0,

ooy @Wa —d-1)
p(nsn ’v)_21"/1 6n,n’5v,0 81-'2.2 (2M+ 1)

_ o ln =l oK)
% Z p2miv-K/(2M +1)

Kelyg sinh yo(K)

w L _ ,
- d2 (2M+])7(d71) Z eva K/(2M+1)e (n+n') yo(K)
4rA Kel,

1 1
x I:eyo(K)_e“’(K)—ZSinh yo(K)] (353)
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and for A <0,

1
2I'z

wa(=1)"""
6n,n'5v,0 + 81—./12

e In—nl Yo(K)

4 G
sinh Yo(K) = 4522

p(n,n';v)= QM +1)-@-1

X Z e2niv-K/(2M+ 1)
Kely

(2M + 1)~V

« Z eZniv-K/(2M+1)(_1)n+n’ew(n+n’)Yo(K)

Kely

1 1
X <eY0(K)+e“’(K)—2Sinh YQ(K)> (35b)

We may note that then two expressions separate neatly into a bulk correla-
tion function
peln,n’sv)=lim  p(n,n’;v)

n-—» oo,n -+ o
n—n’ fixed

and a surface correlation function
ps(n,n';v)=pln,n';v)— pg(n, n'’; v) (36)

Thus, in the limit M — co we have, for A>0,

P, V) =31 8, B0 oy (27) 4
x [, 4K ?‘lim—hly—;‘(ll%)(? (37a)
and for 1 <0,
Palrn, 1) =31 By ey (2m) 4
% . 49K et V(- ISi);}:;i(;")?n’l Yo(K) (37b)

where

d
coshw(K)=1+ ) (1—cosK,)
a=2
and for A1>0, coshyy(k)=w,/41+coshw(K), while for A<0,
cosh Yo(K)= —w,/4A —cosh o(K). The region R, is [—n, n]¢~'. These
bulk correlation functions are exactly the same as the bulk correlation
functions found in I, a result to be expected. The bulk correlation length
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is 1/y4(0) for A>0 and 1/Y,(0) for A<0, not the results given after
Egs. (103) and (104) in 1. Those results in I are valid only in the limit as
A—0. (I thank the referee of the present paper for pointing out the error
inL)

The surface correlation functions are a diffeent matter. They may be
written, for 1>0,

/ Wy 1 d—1y iK-v,—(n+n')y(K)
e — di-K 0
P V)= g (2n)d~1JR © e
1
oK) _ ,—a(K)y—1_ 38
* [(e ¢ ) 2sinhy0(K):l (38a)
and for 4 <0,
’ Wy 1 d—1 ik - - ’
, 1 = N d Ke¥vi—1)y2t~ (n+n') Yo(K)
P = o [ a1y

1
Yo(K) —w(K)y—1 __
8 [(e e T nh YO(K)} (38b)

The functions yo(K) and Y,(K) are analytic in the K2, the K, being the
components of K, but o(K) is not analytic at K=0; for small K,
o(K) ~ [K]|.

Note that the inverse two-dimensional transform of [K| is —1/(2x [r|?)
and the inverse one-dimensional transform of |K| is —1/(2n [1]?).

Thus, for 4> 0, the long-range part of the surface correlation function
is

e—(n/+n+1)yo(0)

IR - _3 —

ps(n,n';v) o tv] for d=3 (39a)
, e—(n'+n+l)yo(0) 5

pin,nsv)= — o vl for d=2 (39b)

while for 4 <0,

(_1)n+n' e—(n+n’+l) Yo(0)

’. — —d —
pi(n,n';v) = [v| for d=3 (39c)
. _(_1)n+n’e—(n+n’+1)Yo(0) .,
pon,n';v)= 2ala 4 for d=2 (39d)
We may now define
M,(v)=3% Y pinn;v) (40)

n=0n =0
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and evaluate it quite simply. We obtain

M(v)= —(8a2I)~"  for d=3 (41a)
M,(v)= —Q2r*)~"  for d=2 (41b)

4. DISCUSSION

The main results of this paper are Eqs. (39) and (41). They show that
while the system is in a high-temperature phase the surface correlation
functions decay algebraically, not exponentially as the correlations do in
the bulk of the system. Equations (41a), (41b) show that the correlation
functions obey the sum rule discussed by Martin*) and first introduced by
Jancovici.®'® They obey this sum rule at all couplings which allow the
system to be in its high-temperature phase, whether the bulk correlations
are decaying monotonically or alternating in sign. There is no alteration of
sign with |v| in this long-range part of the surface correlation function even
when I'> 1Ty |d|.

The correlation functions in the bulk may be evaluated by an
asymptotic expansion in large |n|. This gives a bulk charge—charge correla-
tion function at large |m|. For A>0 this is composed of an algebraically
decaying factor times exp(—|n|/L), where L=1/y,(0) is the correlation
length for the system. For A <0 the situation is similar but the asymptotic
expansion for py(n, n') contains an extra factor

d .
[1 (~n
=1

and the correlation length is L= 1/Y,(0).

The surface correlation functions have quite different long-range
behavior. The amplitude of the |v| ¢ factor decays exponentially fast as the
sampling distances », #’ from the surface increase. The correlation function
for this decay is 1/y,(0) [or 1/Yy(0)] and the sign of this amplitude
oscillates as (—1)"*". This surface layer correlation length L is the same
as the bulk correlation length. For 4 >0 we have

L. =yoio) - <log {%’Jr 1+ [<4—“|’;—|+ 1)2— 1]1/2»—1 (42a)

and for A <0 we have

_ 1 B w, w4 2— 172 )~1
L=y~ (e 1+ (37 i) e
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For 1>0 the surface correlations do not oscillate in sign ith increasing
components of v, so that for I'> I'y(d) the nature of the decay of the
charge—charge correlation functions with v is roughly similar to that for
I'<Iryd).

At I'=Ty(d), where the bulk charge-charge correlation function is
nonzero only if n=n" or if n and n’ are nearest neighbors, the surface
correlation function is zero if n and #" are not both zero. In this case the
long-range part of the surface correlation function is restricted to the sur-
face layer n=n'=0 only. This reflects the behavior of the surface correla-
tion functions in the two-dimensional, one-component plasma at I'=2. In
that system the long-range surface correlations are damped with a
Gaussian decay as the sample points move into the bulk, which reflects the
Gaussian decay of the bulk correlation functions at I'=2. In this mean
spherical model the Gaussian decay is replaced by a decay to zero over one
lattice spacing, both in the bulk correlation functions and in the decay of
the surface correlation amplitude as the sample points move into the bulk.

At I'=I'y(d), the long-range part of the surface correlation function is

—(/12n) |v|"*  for d=3

—(1/4n)|v]"2  for d=2 (43)

P(0,0,v) = {

The fact that the long-range part of the charge—charge correlation
function obeys the standard Coulombic sum rules means that this charged
mean spherical model really does behave as a Coulombic system. The mean
spherical constraint does not play much of a role near the surface, since
one knows, from I, that very large fluctuations are possible at the surface.

One may then place some reliance on the properties of such a system
at a surface bounded by a dielectric. I shall turn to that problem in a later

paper.
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